Experimental results for water level oscillations in vertical tubes, together with a theoretical solution for the flow in such tubes considering local and distributed energy losses, are presented and compared. The experimental data were obtained in small scale experiments, allowing adequately controlling the oscillations. The governing equation for the oscillations was obtained by applying the conservation laws of mass, momentum and energy for fluids. It is a second order nonlinear differential equation which was reduced to a first order differential Bernoulli equation. The obtained solution is composed by two different equations, one for the upwards motion and the other for the downwards motion, which together reproduce the oscillatory damped behavior of such flows. Numerical solutions of the differential equation were also checked. The experimental data and the theoretical and numerical results showed a good agreement between measured and calculated values of velocity and surface level for the first periods of oscillation.
NOMENCLATURE

INTRODUCTION
The possibility to predict the oscillations of water levels and velocities in water pipes is relevant for several applications in engineering. The use of oscillation suppressing devices in supply pipes for power generation turbines is perhaps the most classical example. Surge tanks and air chambers with or without orifices are among such devices, which may be adapted to vertical pipes, pointing to the convenience of studying with more details the flows in vertical pipes. As additional example, the somewhat uncontrolled growing of cities in the last century introduced some problems related to the drainage system of such "oversized" human centers. (Lou et al., 2008, for example) . Vertical pipes that mainly conduct the excess of water from the surface to the horizontal buried pipelines may be subjected to situations not predicted in the original design. The drainage systems may be flooded, generating geysers and level oscillations in the vertical pipes, which may propagate along the drainage system inducing damages. Considering the underground characteristic of such systems, it may be difficult and costly to repair damages.
A sketch of the geometrical disposition of vertical tubes in drainage systems is shown in Fig. 1 . The arrangements of the horizontal system of pipelines add particularities that must be considered in each design situation. (Politano et al., 2005 , for example)
Fig. 1. Sketch of the geometry of a vertical tube and horizontal pipelines in drainage systems. D is the diameter and V is the velocity of the flow.
Predicting oscillations in vertical pipes naturally leads to comparisons between "free oscillation" and "damped oscillation" conditions, being the "damped oscillation" cases imposed by installed devices. In this sense, numerical procedures applied to proper governing equations are of practical use, giving quick support to professionals dealing with this theme. Numerical calculations impose calibration procedures, which also exposes the need of proper theoretical predictions or conveniently conducted experiments. Both controlled experimental data for isolated vertical columns and theoretical predictions for such flows are still somewhat rare in the literature, being convenient to spend some effort to provide an adequate bank of data, together with theoretical solutions for basic flows. One example of theoretical solutions is the study of Lorenceau et al. (2002) , in which local losses are taken into account to obtain the solution. The distributed losses are considered only numerically using the first power of the velocity (laminar condition), and in discussions about large viscous effects related to threshold viscosity values that allow the appearance of oscillations (limiting viscosity values that totally damp oscillating movements). Considering smaller dimensions (diameters) of the tube, results and theoretical predictions involving capillarity are found in Zhmud et al. (2000) , Quéré and Raphaël (1999) , and Lorenceau et al. (2002) , for example.
Flows in vertical pipes involve arduous themes like bubble transport (Benattalah et al. 2011) , settling instability (Weidman et al., 2012) or solids transport in gas flows (El-Behery et al., 2017) , for example. These are beyond the scope of the present study.
This study furnishes a nondimensional theoretical solution for the velocity of the flow in vertical tubes, obtained for a governing equation with local and distributed energy losses, considering turbulent condition, that is, losses are proportional to the square of the mean velocity. Further, experimental data of oscillating flows in vertical tubes are furnished to consider the main characteristics of the observed flow. 
EXPERIMENTAL DEVICES
In this study the oscillations of the water level were observed in vertical pipes with constant diameters, subjected to local energy losses (at the pipe entrance) and distributed losses (friction losses along the tube).
Two arrangements were initially considered for observing oscillations without the need to quantify particularities of horizontal pipelines: i) pipe out of the water (Fig. 2a) , and ii) semi-immersed pipe (Fig. 2b) . The arrangement of Fig. 2a is perhaps easier to relate to surge tanks and vertical tubes in drainage systems like shown in Fig. 1 . But it works similar to the semi-immersed tube of Fig. 2b , being the last much easier to build in a laboratory. Eventual distinctions exist for the inlet/outlet loss coefficient K, because it depends on the local geometry, but they are not relevant in the present study. The arrangement of Fig. 2b was used here, being simple and elegant to obtain oscillation results for isolated vertical columns. It is similar to that used by Lorenceau et al. (2002) .
Laboratory Setups
Two setups were built to obtain results for the position and the velocity of the oscillating surface under controlled situations: a small scale setup, with the vertical tube having a diameter of 0.62 cm, and a large scale setup, with the vertical tube having a diameter of 2.54 cm, shown here in Fig. 3 . Both setups had similar constructive arrangements. The different scales allowed obtaining different sets of data to compare with the theoretical predictions. Figure 3a shows the vertical tube capped and linked to a hose. The cap and hose allowed setting the initial water level to start the oscillations, as shown in Figs. 4a and 4b. Air was added to or extracted from the vertical tube through the hose, which was then closed imposing the initial condition. To run the experiment, the cap was removed and the water begun to oscillate.
Measured Values
Tables 1 to 4 present experimental data obtained by filming runs of oscillating flows in the two described setups. The data of time, level and velocity were obtained from frame by frame analysis of the recorded films. The frames were individualized using the 'instantaneous' tool of the Windows ® Life Movie Maker software. The level of the water was measured from each frame using a digital image program (Paint ® of the Windows ® operational system). The record speed (in fps) allowed determining the mean velocity of the surface between two sequent water level registers.
The data of the first two tables were recorded with a digital camera at a speed of 30 fps. The third table was obtained with a second camera at 120 fps. In this case, the two first periods of oscillation were computed for 120 fps, the third period for 60 fps, and the subsequent data for 40 fps. Small amplitudes allow using the usual filming velocities (30 fps) or the lower range of 40 to 60 fps, as done here. But larger amplitudes need higher speeds. The fourth table presents data for damped oscillations.
Only the first period of oscillation is furnished, and was obtained with the camera at 60 fps.
GOVERNING EQUATION
Considering the variables shown in Fig. 2b , the governing equation for the position of the water level along time in the vertical pipe was obtained. The integral equations for mass and momentum conservation were applied in the control volume given by the internal volume of the tube with length h for homogeneous variables at the cross sections furnishing, respectively:
The variables are defined in the NOMENCLATURE table. The force F is calculated considering the hydraulic head HR, the weight of the column, and the resistive force during the movement, expressed as FL. Mathematically, for upwards movement:
The resistive force is evaluated through the pressure difference caused by energy losses using the DarcyWeisbach equation for distributed losses, and adequate coefficients for local losses. The result is:
Eqs. (1), (2), and (4) allow replacing Eqs. (1) and (2), respectively, by:
Equation (6) 
Equation (7) was converted into a nondimensional form by using
The final nondimensional governing equation of the water level along the time in the vertical pipe is:
The signs + and -in 1 mean downwards and upwards motions, respectively. It is convenient to mention that 3, which computes local losses (and momentum flows through the control surface), may be different for upwards and downwards motions. This is evidenced in studies for capillary tubes, as for example Masoodi et al. (2014), and Lorenceau et al. (2002) . y and  of Eq. (9) are nondimensional variables for level and time that allow better comparison between results of different geometries. It is a second order nonlinear equation, in principle having no general rules for its integration. As inferred from Eqs. (8), 2 and 3 depend on the flow conditions (laminar or turbulent) and on the geometrical aspects of the tubes, like the form of the inlet/outlet and the roughness of the inner surface. These aspects may be considered in numerical procedures by inserting empirical information, like the Churchill equation for friction factors (Churchill, 1977) . But for testing the convergence of numerical schemes to theoretical results, constant values of 2 and 3 can be used to obtain the theoretical solutions, procedure followed here. Lorenceau et al. (2002 Lorenceau et al. ( , p.1989 presented an equation similar to Eq. (9), but with the parcel involving 2 (distributed losses) multiplied by the first power of the velocity, and not by the second power like in the present study. Eq. (9) was here converted into a first order Bernoulli equation. In addition to the definitions of Eqs. (8), the nondimensional velocity is given by:
The variables V, y and  were used into Eq. (6).
After simplifying constants, it is obtained that:
From Eqs. (9) and (11) it is seen that dy/d=V. By defining:
Equations (11), (12), and (13) produce
This is an integrable first order Bernoulli equation.
General Solution
Solutions for V were obtained for the upwards motion (1=-1) and the other for the downwards motion (1=+1), in the form: The upper indexes Up/Down indicate the direction of the motion of each solution. C represents the integration constant. N=23 is a natural number (N=1, 2, 3,…). When using the theoretical solution for predictions, the "physically real" 3 must be adjusted to the closest adequate N. Eq. (16) shows that the downwards motion involves an infinite sum of powers of y. The nondimensional procedures followed here implied in y close to one (1.0) for the calculated examples, so that the infinite series converged using 13 parcels (that is, j=13). The number of parcels depends on y. Tables 1 and 2 Data for D=0.62 cm, 30 fps 
Solution for N=2
To perform calculations and compare the theoretical solution with numerical results, the lower natural values N=2 and 2=1 were used. They generate the typical oscillating behavior through equations that are sufficiently short for a more immediate analysis.
The same value of 3 was used for the upwards and downwards motions, producing Eqs. (17) and (18): For the calculations, the constant of integration C must be adjusted for the initial condition of every upwards and downwards half period. The initial velocity in each half period is V=0 (rest). The initial value of y for the problem is the observed value (known). The start y value of each subsequent half period is the last y value of the previous half period (also known). The values of C are then determined.
Numerical Calculations
As mentioned, theoretical solutions may be used during calibration procedures as a way of checking the quality of numerical calculations. They also allow observing how different control parameters of the governing equation (for example, the parameters that quantify energy losses) are linked to observable parameters (water level, for example). In this case, Eqs. (15) and (16) show that the distributed losses (2) are linked to exponential terms, while the local losses (3 or N/2) determine the limiting power value of y in the sums of powers of y (water level).
A numerical procedure was necessary to show that the theoretical solutions furnished here correspond to proper solutions of the original problem given by the second order nonlinear Eq. (9). An expeditious explicit "one-forward-step" procedure was adopted to perform this checking. The discrete quantities given by following Eqs. (19) and (20) are obtained immediately from Eq. (9):
The iterative one-forward-step procedure is resumed as: 1 To furnish the control parameters 1, 2,and 3, and the time increment 
2
To furnish the initial conditions yi, Vi, i=0. 
RESULTS AND DISCUSSION
Theoretical and Numerical Results
Equations (17) and (18) form a set for the up/down motion of the water column when using 2=1 and 3=1 (or N=2). Fig. 5 shows the evolution of the obtained functions in the phase plot (y, V). The attractor structure converging to the fixed point (1,0) is expected, considering that it reflects a damped oscillatory movement. Similar plots may be found, for example, in Weidman and Kllakhandler (2014) , for capped liquid-air columns. Figure 6 shows the measured data of Tables 1 and 2 plotted together with numerical results in the (y, V) plane. The data are for free oscillations (not damped) in the tube with diameter of 0.62 cm. HR was fixed at 5.8 cm and 7.5 cm. The normalized immersion lengths HR/D thus were 9.4 and 12.1, respectively. The experimental velocity values were obtained from the difference between two successive measured heights divided by the time interval between the measurements, characterizing the mean velocity for this time interval. It was plotted against the mean height obtained from the two limiting heights of each time interval. The use of mean values implied in a shift in the time scale of Fig. 7 , which presents the evolution of the nondimensional mean water level (considering the time interval) in the vertical tube plotted against the nondimensional time. Figs. 6 and 7 used the same data. The results show that numerical calculations and experimental values follow similar trends in these initial periods of oscillation. As mentioned, the data of Tables 1 and 2 were obtained in the small setup, corresponding mostly to the lower range of the Reynolds number (highest Reynolds number of 3,720), being also subjected to capillary effects. However, despite these conditions, data and calculations agreed well for the first periods using constant coefficients. The coefficients were fixed in 2=0.3, 3=1.0, for both runs. Note that the usual friction factors are valid for developed flows in long tubes, and that the short oscillatory motions of vertical columns are similar to flows in short tubes. In such cases, adjustments of coefficients to the different experimental conditions must always be made (they follow naturally). The periods of oscillation obtained from the experiments using HR=7.5 cm and 5.8 cm were 0.534 s and 0.500 s, respectively, calculated using the first and second peaks of oscillation. The adjusted coefficients allowed obtaining periods of 0.565 s and 0.500 s, very close to the measured values.
Results of the Small Setup
Small scale experiments are easily built and more expeditious to furnish results, quickly generating sets of data. The comparison made here show that they may be used for the first tests of numerical models, related to the evolution of the water level, the velocity, and the magnitude of the periods of oscillation. Because small setups involve capillary effects, not considered in the present formulation, deviations between experimental and calculated results may eventually be observed for larger times.
Results of the Large Setup
Equation (9) (Fig. 3) . Slides 1 to 5 (upper part of the figure) show the internal level of the water while positioned below the external surface level (white horizontal arrows). Slides 6 to 9 show the internal level of the water positioned above the external surface level (black horizontal arrows). Table 3 was obtained for free oscillations (not damped) in the large setup (diameter of 2.54 cm).
Even for large setups the vertical motion in the tube involves instants of rest, with corresponding low Reynolds numbers for displacements "close to the rest". But the highest Reynolds number was now 36,400, generating fluctuations and secondary movements (not immediately damped), so that turbulence was more likely present. Adjustments of coefficients and friction factors are thus needed in all scales of work. Figure 9 shows the normalized velocity against the normalized depth for D=2.54 cm and HR=18.25 cm. The normalized immersion length HR/D was 7.2. Because some "blurring" of the images, regarded to the position of the surface, upper and lower limiting values for this position were marked in each frame. Velocities were calculated for the upper and lower registers, and for their mean value. Table 3 shows the mean depths and corresponding velocities. The graph of Fig. 9 shows the convergence to the fixed point, and that the velocity values oscillate intensively. The measured instantaneous velocity is strongly dependent on the quality of the measurements of the surface positions. Figure 10 shows the normalized water depths of Table 3 against the normalized time. Simulation and data follow similar trends, with similar periods and amplitude damping (blue dots and continuous line).
Like for the smaller diameter (D=0.62 cm), also here a shift in the calculated time origin was used. The observed period of oscillation in Table 3 is 0.878 s, obtained as mean value the four height peaks. The calculated numerical value is 0.869 s, also very close to the measured result. Table 3 and numerical calculations of Eq. (9) using 2=0.1, 3=0.7, =0.01. 
Fig. 9. Experimental data of
Joint Results
The nondimensional results for the periods of the experiments and of the numerical calculations are close to the value =6.4. The maximum difference from the value 2 is only about 3%. The periods of oscillation may thus be calculated with a good degree of approximation, for vertical nonlinear oscillations that follow Eq. (9), by:
This is the period for oscillations in "U tubes", for which HR=L/2, being L the total length of the oscillating volume of water. The experimental data for D=0.62 cm were followed by the numerical results by using 2=0.3 and 3=1.0, while for D=2.54 cm the coefficients were adjusted to 2=0.1 and 3=0.7. The agreement observed in Figs. 6, 7, 9 and 10 also show that the coefficients 2 and 3
depend on the scale of the experiment. For the data of this study it was necessary to use lower values of the coefficients for larger diameters of the tube.
The motion observed in small diameters, subjected to capillary effects, has shown similar behavior to that occurring in larger diameters when using nondimensional variables and taking the periods as function of the length HR (expressed by Eq. 21).
Considering the good adherence of the results to Eq. (21), a run imposing oscillation damping at the air phase was also performed, intending to verify eventual adherence to this equation. The water in the tube with D=2.54cm and HR adjusted to 18.25 cm was induced to oscillate while capped as shown in Fig. 3a . The device consisted of an impermeable cap having an opening with diameter of 0.48 cm, to which a hose with the same diameter and length of 30 cm was attached, followed by a straight tube with diameter of 0.70 cm and length of 21.5 cm. This arrangement imposed a head loss in the flow of the gaseous phase that strongly reduced the amplitude of the movement. But the measured period of oscillation presented the value of 0.908 s, thus close to the previous value of 0.878 s. The difference is only of about 3.4%, and it may still be related to eventual differences in the value of HR. Fig. 10 shows the first period of oscillation of this damped experiment, which values are furnished in Table 4 . Eq. (21) may thus be used as approximation even for damping of oscillations occurring in the air phase using orifices and hoses like described here. 
Water Ejection
As mentioned in the introduction, vertical tubes in distribution or drainage systems may be subjected to geyser events. When subjected to internal water oscillations, vertical tubes may produce 'momentary geysers', or water ejections, due to the upwards acceleration of the water column. It is evident in Fig. 7 that if the vertical pipe is shorter than ~1.40 (that is, about 0.40 above the equilibrium level y=1.0) the ascending water spills out of the pipe, that is, the amplitude of the movement is larger than the remaining pipe length. The velocity of ejection depends on the length of the tube and its diameter, combined factors that may inhibit the acceleration of the column. Fig. 11 shows a water ejection for the tube of D=0.62 cm and HR=15.3 cm. The upper cross section of the tube (position indicated as L in the figure) was maintained 0.25 cm above the water surface. The water was spilled until a height of 2.2 D from the upper end of the tube.
All the experiments of this study were performed by applying an initial displacement with value close to HR, below the water surface of the reservoir, thus implying in ascending initial movement. 
CONCLUSION
Oscillations of water in vertical tubes, directed to the studies of water distribution systems, drainage systems, and oscillation suppressing devices, were subjected to theoretical and experimental analyses.
For the theoretical analysis a nonlinear second order governing equation for the motion was presented, with two coefficients involving local and distributed energy losses. Both coefficients were multiplied by the square of the velocity. This condition reflects fully developed turbulent flows when using constant coefficients. Its solution is composed by a set of two equations, one for the upwards and other for the downwards motions, which depend on the two mentioned coefficients for the energy losses in the flow, and which lead to a cyclic behavior when used together. Theoretical solution and numerical calculations showed very good agreement.
For the experimental analyses, results were obtained in adequately prepared semi-immersed tubes using diameters of 0.62 cm and 2.54 cm, and different immersion lengths. The behaviors of the observed water level and the velocity were well reproduced by the calculations.
Data of free oscillations were obtained for both the small and the large setups. Data for damped oscillations were generated using the large setup by imposing energy losses for the air that moves due the water oscillations. The experimental results show that the periods of oscillation for all tested conditions are approximated by Eq. (21), suggesting further studies to check the observed tendency.
Finally, it was shown that water may spill out of the vertical tube above the level of the reservoir, as momentary water ejections, depending on the geometry of the tube and the oscillation amplitude.
A very good agreement between experimental, analytical and numerical results was observed, suggesting further studies for engineering purposes.
